We present the solution of the Boltzmann equation with an applied electric and magnetic field including skew scattering in the collision operator. The observed unusual temperature dependences of the Hall resistance and the magnetoresistance as well as the frequency dependence of the Hall resistance in the normal state of copper oxide metals is shown to arise if the skew scattering rate diverges as T→0. The implication of this phenomenological result for the microscopic theory of copper oxide metals is that the chiral response function ͑proportional to the magnetic field͒ has a singularity in the limit of zero energy and temperature.
I. INTRODUCTION
All transport properties of copper oxide high-temperature superconductors in the normal state have anomalous temperature dependences. 1 The anomalies are particularly simple for concentrations close to those for the highest T c . 2 In this regime, the Hall ''coefficient'' for YBa 2 Cu 3 O 7Ϫ␦ , ͑␦Ϸ0͒ is 3 ϳ1/T to a good approximation. In conventional metals, the Hall coefficient is, of course, a constant. In La 2Ϫx Sr x CuO 4 , ͑xϷ0.15͒ the Hall coefficient R H (T) does have a constant term plus the anomalous 1/T dependence. 4 Most of the other anomalous transport properties ͑resistivity, optical conductivity, Raman intensity, tunneling conductance, thermal conductivity͒ could be understood if one assumed that the copper oxide metals have a marginal-Fermi-liquid self-energy: 5 ⌺͑,q ͒ϳ ln x c ϩix sgn, ͑1.1͒
where xϷmax͉͉͑,T͒. This assumption is of no help in understanding the anomalous R H (T); the scattering rates deduced from ͑1.1͒ again cancel in the kinetic theory expression, R H (T)ϵ xy / xx 2 giving the customary temperatureindependent behavior. More sophisticated treatments only give logarithmic corrections.
Recently, the magnetoresistance ⌬(H)/ of YBa 2 Cu 3 O 7 has been carefully measured. Given that (T)ϳT ͑to a good approximation͒, the conventional behavior ͑Kohler's rule͒ expected is ⌬(H)/H 2 ϳ Ϫ2 ϳT Ϫ2 , whereas an approximate T Ϫ4 dependence has been observed. 6 The frequency-dependent Hall ''coefficient'' R H (,T) has also recently been measured and found to be unusual. 7 In this paper we present a solution of the Boltzmann equation with applied electric and magnetic fields including skew scattering in the collision operator. Skew scattering is present in general if a magnetic field is present and gives a scattering on the Fermi surface which is different in the right-and left-handed directions with respect to the applied magnetic field.
We do not know the physical origin of the skew scattering but suspect it is due to scattering of current carriers by some unusual chiral fluctuations. Such inelastic scattering is parametrized here by a temperature-dependent scattering rate s Ϫ1 , just as ordinary inelastic ͑and elastic͒ scattering may be parametrized in the Boltzmann equation with a rate tr Ϫ1 . The skew scattering is introduced in the simplest possible fashion to mimic a symmetry of the collision operator different from that given by ordinary scattering.
We find the remarkable result that all three of the abovementioned magneto-transport anomalies in copper oxide metals follow if the skew scattering rate diverges as 1/T. This phenomenology may serve as a pointer in the search of a microscopic theory.
The Hall effect and the magnetoresistance anomalies have been previously rationalized by the assumption that in copper oxide metals, the response to the Lorentz force has a different characteristic rate with a different temperature dependence than the scattering rate tr Ϫ1 observed in the conductivity in zero magnetic field. 3, 6, 8, 9 We shall comment on the feasibility of such a proposal within the framework of the theory of transport provided by the Boltzmann equation as well as its relationship to our proposal of skew scattering. Harris et al. 6 have already observed that the Hall effect and magnetoresistance cannot both be understood by postulating different scattering rates at different parts of the Fermi surface. 
II. BOLTZMANN EQUATION FOR TRANSPORT INCLUDING SKEW SCATTERING
The Boltzmann equation for the distribution function f k ͑r,t͒,
for a spatially uniform electric field E(t) and magnetic field B(t) is
where C k is the collision operator, f k 0 is the equilibrium ͑Fermi-Dirac͒ distribution, and v k ϭប Ϫ1 " k k . In the linearized approximation the collision operator may be written
In ͑2.3b͒ the first term, Ϫg͑k͒/͑k͒, represents the ''scattering out'' of particles from k, while the other term represents the ''scattering in'' to k. For a time-independent perturbation, ͑2.2͒ is formally solved as
͑2.4͒
where ͗k͉A͉kЈ͘ϭͩ 1/͑k͒ϩ e បc v k ϫB•" kͪ ␦͑kϪkЈ͒ϪC͑k,kЈ͒.
͑2.5͒
Quite generally C can be written as a sum of two parts:
where C n is the ''normal part'' which is symmetric in interchange of k and kЈ
and C s ͑k,kЈ͒ is the ''skew'' or antisymmetric part
͑2.9͒
Such a term is present only if time-reversal invariance is broken, for instance if a magnetic field B is present. A specific representation of C s ͑k,kЈ͒, for example, is ͑kϫkЈ͒•B. It follows from ͑2.9͒ that ͑k͒ does not depend on C s . The current is given by
͑2.10͒
so that using ͑2.4͒ the conductivity tensor is ϭe
we can expand A Ϫ1 in powers of B ͑assuming that C s varies linearly with B͒, to get
͑2.13͒
Using ͑2.13͒ in ͑2.11͒ yields the conductivity in zero field xx from the first term of ͑2.13͒, the Hall conductivity xy from the second term of ͑2.13͒ which is linear in B, and the magnetoresistance ⌬ xx ϭ xx (B)Ϫ xx from the third term which is quadratic in B.
Some general features of all the transport coefficients are now apparent from Eqs. ͑2.11͒ and ͑2.13͒. First, the skew scattering term C s always occurs in combination with the Lorentz force term vϫB•". Indeed, it should be regarded as a temperature-dependent renormalization of the Lorentz force. Second the Lorentz force in ͑2.13͒ always appears multiplied by tr Ϫ2 where tr Ϫ1 is precisely the same transport rate which appears in the conductivity xx at Bϭ0. The suggestion by Anderson 3, 6, 8 that the Lorentz force term be multiplied by tr Ϫ1 H Ϫ1 , where H Ϫ1 is a rate with some different physical origin and temperature dependence cannot directly be implemented within the general phenomenological theory of transport coefficients given by the Boltzmann equation. New physics may however be sought within the Boltzmann framework from the skew scattering C s .
III. EVALUATION OF TRANSPORT COEFFICIENTS
In order to express our principal physical point clearly, we now make some simplifications. We consider the normal scattering matrix C n ͑k,kЈ͒ to be independent of k and kЈ for k,kЈ close to the Fermi surface such that k , kЈ are O(kT) of the Fermi energy. Then tr Ϫ1 depends only on the temperature. With the transport properties of copper oxides in mind we consider the case of two dimensions only.
For TӶE F , the integrals in ͑2.11͒ can be expressed as surface integrals on the Fermi surface by using 
͑3.5͒
In ͑3.3͒-͑3.5͒ is the angle between V k F (s) and the electric field. In ͑3.4͒, the first term-the Lorentz force contribution can be written as proportional to
At particle-hole symmetry ͑for energies less than T near the Fermi surface͒ this term is zero-a well-known result for the Hall coefficient. However, the skew scattering contribution-the second term in ͑3.4͒ is, in general, not zero even when the Fermi surface is particle-hole symmetric ͑but the full Hamiltonian is not͒. These equations can be put in a particularly attractive form due originally to Ong 
͑3.8͒
Similarly
͑3.9͒
The magnetoresistance obtained by inverting the conductivity tensor is then
IV. EXPERIMENTAL RESULTS IN COPPER OXIDES
Extensive results for electrical transport experiments in a magnetic field are available for the compounds YBa 2 Cu 3 O 7Ϫ␦ ͑123͒ and La xϪx Sr x CuO 4 ͑214͒ at the ''ideal'' compositions ␦Ϸ0.1 and xϷ0. 15 , respectively. The zerofield resistivity in both is (T)ϭ 0 ϩ 1 T to a high accuracy. The temperature-dependent part implies a scattering rate
ϩkT, according to Eq. ͑3.3͒.
In these materials, the thermal conductivity in the normal state is constant to a good approximation, i.e., the Wiedemann-Franz law is observed. This implies that no distinction should be made in the temperature dependence of the momentum relaxation rate and the energy or quasiparticle linewidth. This is often true if the self-energy is nearly momentum independent in the situation where the Fermi surface is not isotropic, so that conservation of momentum does not imply conservation of current. This may serve to justify our analysis below by two average relaxation rates Ϫ1 and s
Ϫ1
representing some average, respectively, of ͓(s)͔ Ϫ1 and ␤(s,sЈ), i.e., the normal and skew scattering functions, that occur in Eqs. ͑3.7͒-͑3.9͒. In any case, it would be pointless at the present stage of the microscopic theory to take into account the detailed momentum dependence of the scattering rates, nor do we believe will it change the qualitative nature of the calculated anomalies. Thus we will work only with the average rates, Ϫ1 (T), s Ϫ1 (T) which capture the overall temperature dependence of (s) and ␤(s,sЈ): 
͑4.2͒
The complicated angular integrals in ͑3.3͒-͑3.5͒ give rise to numerical coefficients a,b, etc., which depend on the shape of the Fermi surface, deviation from particle-hole symmetry, etc., and which have a very weak temperature dependence, if any. With these simplifications, the essential physical points of Eqs. ͑3.3͒-͑3.5͒ and ͑3.8͒-͑3.10͒ can be summarized as
͑4.4͒
The term proportional to a represents the conventional behavior; aϭ0 at particle-hole symmetry. Thus the Hall angle is
͑4.5͒
and the magnetoresistance
where c and d 1 and d 2 are again coefficients depending on the Fermi surface and cϭ0 for an isotropic Fermi surface. In comparing with experimental results, we first note that the term proportional to a in ͑4.5͒ is the usual contribution to the Hall angle which is absent when the Fermi surface has particle-hole symmetry. Hall-effect calculations based on band structure 11 of 123 at the ideal composition yields a very ⌰ H but do yield a sizable ⌰ H for 214 at near the ideal composition Ϸ15% Sr. Also magnetoresistance measurements are available only for 123. So we compare ͑4.5͒ and ͑4.6͒ only with results in ͑123͒ where aϷ0.
Next, we note that if the skew scattering rate s Ϫ1 diverges as T
Ϫ1
, ⌰ H from ͑4.5͒ is ϳT Ϫ2 and the last term in ͑4.6͒, which is the dominant term at low temperatures is ϳT Ϫ4 as observed. 3, 6 We can also make a quantitative check. For aϷ0, and if the terms proportional to c and d 1 are unimportant in the temperature range of measurements,
͑4.7͒
Harris and co-workers 3, 6 find ⌰ H 2 Ϸ1630T
Ϫ4 and ⌬/Ϸ4140T
Ϫ4 at fields of 1 T where T is in degrees. We would then deduce b/dϷ0.6, a sensible sort of result for different Fermi-surface anisotropies occurring in the expression for ⌰ H and ⌬/. If we use the deduction from the resistivity that
Ϫ1
Ϸk B T, we can further deduce that (E F s ) Ϫ1 Ϸ40/T where T is in degrees. With these numbers, we find that if cϭd 1 ϭd 2 2 , the last term in ͑4.6͒ dominates only below 100 K. Experimentally, 6 a unique power law appears not to fit the data taken between 100 and 400 K; the uncertainties in the measurement do not exclude a smooth crossover to lower exponents than 4 at higher temperatures. We can understand the results if c/d 1 and d 1 /d 2 2 are less than about 1/4. As mentioned, they depend on details of the Fermi surface and are very hard to estimate. We would predict in any case a crossover to a lower temperature dependence if the data could be extended to higher temperatures.
Spielman et al. 7 have measured the frequency dependence of the Hall effect. Although most of the results presented are for the superconducting state, they have clearly deduced that in the normal state the experimental results are consistent with
͑4.8͒
This equation can be deduced from Eqs. ͑2.2͒ and ͑2.5͒ as the straightforward modification of the results derived to finite frequencies. The important point is the replacement
ϩi with s Ϫ1 appearing in the same form as at ϭ0. It should be noted that ͑4.6͒ as well as all other results in this paper are based on the low-field expansion ͑2.13͒. Since C s of ͑2.13͒ is effectively proportional to ( c /T) this procedure breaks down at low enough temperature or large enough fields. We have checked that the expansion is quite valid in the experiments quoted, primarily because the normal phase is unstable to superconductivity at fairly high temperatures. It would be interesting to carry out Hall-effect and magnetoresistance experiments in the anomalous copper oxide metals with low T c 's.
In this paper we have considered only samples near the composition of the highest T c and ignored the effect of impurities. Impurities lead to at least two kinds of changes in the theory: addition of a temperature-independent scattering rate in Ϫ1 12 We hope to address these issues in the future.
V. IMPLICATIONS FOR A MICROSCOPIC THEORY
The normal state of copper oxide metals is not a Fermi liquid. Many of the transport anomalies could be understood by the phenomenological ansatz, Eq. ͑1.1͒ leading to a zero quasiparticle renormalization amplitude at the chemical potential and a scattering rate proportional to T. Such a ''soft'' breakdown of Landau theory implies that the scattering amplitude of fermions at the Fermi energy is singular or that there is a resonance at the chemical potential. As observed earlier, such a soft breakdown cannot explain the magnetotransport behavior. The principal result of this paper is that the skew scattering rate in the presence of a magnetic field needs to be singular ϳT Ϫ1 to explain magnetotransport consistently. This is much more singular than the singularity in Eq. ͑1.1͒.
It is quite obvious that the skew scattering implied here is due to some intrinsic fluctuations and are not due to, for instance, spin-orbit scattering at magnetic impurities. These intrinsic fluctuations must be proportional to B and therefore are chiral in nature. They must be highly singular at the chemical potential to produce the deduced skew scattering rate. This implies in turn that the chiral response of the Cu-O metals at the ideal composition is singular at ͑,T͒→0. A quantum critical point has already been suggested 13 as necessary to produce Eq. ͑1.1͒. The present results suggest that fluctuations at Bϭ0 acquire a more singular form at finite B. These fluctuations could be centered around qϷ0 or finite q. 14 We suggest that such singular fluctuations may be observable in light scattering or neutron scattering in a magnetic field.
The singular chiral fluctuations suggested here should be compared to the suggestion of uniform chiral flux phases. 15 Such phases are predicted to have a spontaneous 16 ͑i.e., in zero B͒ Hall current. By contrast copper oxide materials appear to exhibit a Hall current proportional to B which diverges as T Ϫ1 suggestive of fluctuations to a chiral phase at Tϭ0. This divergence is cut off by the intervention of superconductivity.
